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A general formulation for evaluating the T-stress at crack tips in a curved crack is introduced. In the formulation, a
singular integral equation with the distribution of dislocation along the curve is suggested. For a slightly curved crack,
a small parameter is generally assumed for the crack conﬁguration. By using the assumption for the small parameter,
the perturbation method is suggested and it reduces the singular integral equation into many successive singular integral
equations. If the cracked plate has a remote loading and the curve conﬁguration is a quadratic function, the mentioned
successive singular integral equations can be solved in a closed form. Therefore, the solution for the T-stress in a closed
form is obtained. The obtained results for T-stress are shown by ﬁgures. It is found that if the involved parameter is
not too small, the inﬂuence of the curve conﬁguration is signiﬁcant. Comparison for T-stresses obtained from a qua-
dratic-shaped curved crack and an arc crack is presented.
 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
The stress distribution near a crack tip was early investigated by Williams (1957). In the cylindrical coor-
dinates (r,h), the stress components rij can be expressed by0020-7
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 where the ﬁrst two terms in the expansion form are singular at the crack tip, K1,K2 denote the mode I and mode
II stress intensity factors, respectively. Meantime, the third term is ﬁnite. In the notation of Rice (1974), the
third term is denoted as the T-stress and can be regarded as the stress acting parallel to the crack ﬂanks.
The T-stress evaluation may have engineering application in the following ﬁelds. The sign and magnitude of
T-stress can alter the level of crack tip stress triaxiality (Betegon and Hancock, 1991; Larsson and Carlsson,683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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212 Y.Z. Chen et al. / International Journal of Solids and Structures 45 (2008) 211–2241973; Wang, 2004). The T-stress can considerably inﬂuence the plastic zone near crack tip in the case of small
scale yielding (Betegon and Hancock, 1991; Larsson and Carlsson, 1973). The T-stress plays an important role
in directional stability for the crack growth path (Rice, 1974; Melin, 2002).
To evaluate the T-stress, the Eshelby technique was used (Kfouri, 1986). Using the weight function method,
the idea for evaluating the T-stress was proposed (Sham, 1989, 1991; Chen, 1985, 1997). Higher order weight
functions were developed for calculating power expansion coeﬃcients of a regular ﬁeld near crack tip in two-
dimensional body (Sham, 1989). Similar derivation can be referred to Chen (1985).
Varieties of methods were suggested to evaluate the T-stress in the crack problems, which include: (a) using
the boundary collocation method and the weight function (Fett, 1997, 1998a,b, 2001; Fett and Rizzi, 2005); (b)
using the ﬁnite element method (Ayatollahi et al., 1998; Karihaloo and Xiao, 2001; Chen et al., 2001); (c) using
the singular integral equation method (Broberg, 2005); (d) using the Fredholm integral equation method
(Chen, 1994). In addition, a compendium of T-stress solutions in the crack problems was carried out (Sherry
et al., 1995).
The above-mentioned results were devoted to the line crack case. Only for some particular shapes of cracks,
the arc crack and the cusp crack, some solutions in closed form for T-stress were obtained (Chen, 2000). In
knowledge of authors, the general formulation for the T-stress in the curved crack has not been developed.
Many investigators devoted their eﬀorts to derive the stress intensity factor for the curved crack using the
perturbation method (Cotterell and Rice, 1980; Dreilich and Gross, 1985; Martin, 2000). Cotterell and Rice
(1980) investigated and solved the problem for slightly curved cracks using the complex variable technique
suggested by Muskhelishvili (1953). Hypersingular integral equation in conjunction with the perturbation
method was used to solve the slightly curved crack (Martin, 2000). A closed form solution for stress intensity
factors (SIFs) for the quadratic-shaped crack conﬁguration was obtained.
Formulation of the singular integral equation for the curved crack, which is based on the distributed dis-
location along the curve, can be found from Savruk (1981). The mentioned reference is a book in Russian. For
convenience, same derivation can be referred to Chen and Lin (2006).
In this paper, a general formulation for evaluating the T-stress in curved crack is introduced. In the formu-
lation, a singular integral equation with the distribution of dislocation along the curve is suggested. The solu-
tion of the singular integral equation will give the T-stress and the stress intensity factors at the crack tip. If the
curved crack has an arbitrary conﬁguration, the integral equation should be solved numerically.
If the curve conﬁguration is a production of a small parameter and the quadratic function, a perturbation
method using the singular integral equation is suggested. Clearly, this is the slightly curved crack case. In the
method, the singular integral equation can be expanded into a series with respect to the small parameter.
Therefore, many singular integral equations can be separated from the same power order for the small param-
eter. These singular integral equations can be solved successively. The solution of the successive singular inte-
gral equations will give T-stress and stress intensity factors at the crack tip. All results for T-stress and SIFs are
obtained in a closed form.
2. General theory for T-stress evaluation in curve crack problems
The complex variable function method plays an important role in plane elasticity. Fundamental of this
method is introduced. In the method, the stresses (rx,ry,rxy), the resultant forces (X,Y) and the displacements
(u,v) are expressed in terms of complex potentials /(z) and w(z) such that (Muskhelishvili, 1953)rx þ ry ¼ 4Re/0ðzÞ; ry  rx þ 2irxy ¼ 2½z/00ðzÞ þ w0ðzÞ ð1Þ
f ¼ Yþ iX ¼ /ðzÞ þ z/0ðzÞ þ wðzÞ ð2Þ
2Gðuþ ivÞ ¼ j/ðzÞ  z/0ðzÞ  wðzÞ ð3Þwhere a bar over a function denotes the conjugated value for the function, G is the shear modulus of elasticity,
j = (3  m)/(1 + m) in the plane stress problem, j = 3  4m in the plane strain problem, m is the Poisson’s ratio
and i ¼ ﬃﬃﬃﬃﬃﬃ1p denotes the unit imaginary value.
Except for the physical quantities mentioned above, from Eqs. (2) and (3) two derivatives in speciﬁed direc-
tion (abbreviated as DISD) are introduced as follows (Savruk, 1981; Chen and Lin, 2006)
Fig. 1.
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ðzU0ðzÞ þWðzÞÞ ¼ rN þ irNT ð4Þ
J 2ðzÞ ¼ 2G d
dz
fuþ ivg ¼ jUðzÞ  UðzÞ  dz
dz
ðzU0ðzÞ þWðzÞÞ ¼ ðjþ 1ÞUðzÞ  J 1 ð5ÞIt is easy to verify that J1 = rN + irNT denotes the normal and shear tractions along the segment z; zþ dz. Sec-
ondly, the J1 and J2 values depend not only on the position of a point ‘‘z’’, but also on the direction of the
segment ‘‘dz=dz’’ (Fig. 1(o)).
For evaluating the T-stress at the crack tip, it is suitable to use the superposition method. The original
problem is show in Fig. 1(o). Without losing generality, it is assumed that the remote loading is r1y ¼ p2,
or r1x ¼ p1, or r1xy ¼ q. The original ﬁled can be considered as a superposition of a uniform ﬁeld and a per-
turbed stress ﬁeld, which are shown by Figs. 1(u), (p), respectively.
The uniform ﬁeld is deﬁned for an inﬁnite perfect plate with the remote loading r1y ¼ p2, or r1x ¼ p1, or
r1xy ¼ q (Fig. 1(u)). This stress ﬁeld is easy to evaluate. The stress components along the prospective site of
crack are denoted by rN(u), rT(u), rNT(u), where the subscript (u) denotes that the stress components are deﬁned
in the uniform stress ﬁeld. Clearly, for the right crack tip ‘‘A’’, we have the following T-stress contribution
(Fig. 1(u))TAðuÞ ¼ rT ðuÞ; at point tA ¼ rTðuÞðtAÞ ð6ÞIn the notation rT(u)(tA), the subscript ‘‘T’’ means the stress in T-direction, ‘‘(u)’’ means the stress from the
uniform ﬁeld and tA means the stress at the point tA.
In the following, the perturbed stress ﬁeld for the curved crack is studied (Fig. 1(p)). It was proved that the
complex potentials for this ﬁeld could be expressed as (Savruk, 1981; Chen and Lin, 2006)/0ðzÞ ¼ 1
2p
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ðt zÞ2 ð8Þwhere g 0(t) denotes the dislocation distribution along the curve crack and is deﬁned byg0ðtÞ ¼ dgðtÞ
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ðt 2 L; L—the curved crackÞ ð9aÞIn Eq. (9a), g(t) is the COD (crack opening displacement) function deﬁned by2y p=σ
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Superposition method: (o) a curved crack in an inﬁnite plate, o—the original ﬁeld, (u) a perfect plate with remote loading, u—the
ﬁeld, (p) a curved crack with loading on the crack face, p—the perturbed stress ﬁeld.
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þ  ðuðtÞ þ ivðtÞÞg ðt 2 L; L—the curved crackÞ ð9bÞwhere ((u(t) + iv(t))+) ((u(t) + iv(t))) denotes the displacement in the upper side (lower side) of the curved
crack, respectively.
For the curved crack problem, a singular integral equation was suggested previously (Savruk, 1981; Chen
and Lin, 2006)1
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ð13ÞFor the perturbed stress ﬁeld, the applied tractions on the crack face must be opposite to those from the
uniform ﬁeld (Figs. 1(u), (p)). Clearly, the right hand term in Eq. (10) is deﬁned byrNðpÞðtoÞ þ irNT ðpÞðtoÞ ¼ ðrNðuÞðtoÞ þ irNT ðuÞðtoÞÞ ðto 2 LÞ ð14Þ
In addition, the dislocation distribution g 0(t) should satisfy the following single-valued condition of dis-
placements (Savruk, 1981; Chen and Lin, 2006)Z
L
g0ðtÞdt ¼ 0 ð15ÞLetting the moving point ‘‘z’’ approach a point to on the upper crack face, from Eq. (7) and the Plemelj
formula we will ﬁnd (Muskhelishvili, 1953)/0þðtoÞ ¼ ig
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t to ð16ÞIt is known that rx + ry (= rN + rT) is an invariant. Therefore, by letting the moving point ‘‘z’’ approach a
point to on the upper edge of crack, from Eqs. (1) and (16) we will ﬁndrNðpÞðtoÞ þ rT ðpÞðtoÞ ¼ 2Reðig0ðtoÞÞ þRe 2p
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ðto 2 LÞ ð17Þwhere the stresses rN(p)(to), rT(p)(to) are evaluated in the perturbed stress ﬁeld (Fig. 1(p)). Moreover, the sec-
ond term in right hand side of Eq. (17) can be replaced by using Eq. (10), and we obtainrT ðpÞðtoÞ ¼ 2Reðig0ðtoÞÞ þ rNðpÞðtoÞ  2ReðMðtoÞÞ ðto 2 LÞ ð18Þ
Let to approach the right crack tip tA, we will ﬁnd the term 2Re(ig
0(to)) only gives a contribution to singular
term (see Eq. (22b) and the proof in Appendix A), and it has no contribution to T-stress, or to O(1). Therefore,
the T-stress at the crack tip tA in the perturbed stress ﬁeld is found (Fig. 1(p))TAðpÞ ¼ regular portion of frT ðpÞðtAÞg ¼ rNðpÞðtAÞ  2ReðMðtAÞÞ ð19Þ
Finally, from Eqs. (6) and (19), the total T-stress is obtainedTA ¼ TAðuÞ þ TAðpÞ ¼ rT ðuÞðtAÞ þ rNðpÞðtAÞ  2ReðMðtAÞÞ ð20Þ
Simply because of Eq. (14), or rN(p)(tA) = rN(u)(tA), we have
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Fig. 2. (a) A curved crack in an inﬁnite plate, (b) a slightly curved crack with conﬁguration y = eh(s) in an inﬁnite plate.
Y.Z. Chen et al. / International Journal of Solids and Structures 45 (2008) 211–224 215TA ¼ TAðuÞ þ TAðpÞ ¼ rT ðuÞðtAÞ  rNðuÞðtAÞ  2ReðMðtAÞÞ ð21Þ
The notation used is emphasized here once more. rT(u)(tA) denotes the stress component at the point tA in
T-direction in the uniform stress ﬁeld, and rN(u)(tA) denotes the normal stress component at the point tA in
N-direction in the uniform stress ﬁeld (Fig. 1(u)).
Clearly, two stresses rT(u)(tA) and rN(u)(tA) are easy to evaluate from the uniform stress ﬁeld (Fig. 1(u)).
However, the term 2Re(M(tA)) generally depends on g 0(t) (the numerical solution of the singular integral
equation, Eqs. (10) and (15)), and the location of the crack tip tA.
Without losing generality, it is assumed that two crack tips are located on the real axis (Fig. 2(a)). If one
denotes the vector totA by zc, from general behavior of the dislocation distribution, we can expressg0ðtoÞ ¼ GðtoÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2a zcÞzcp ðat vicinity of to ¼ tAÞ ð22aÞ
where G(to) is a regular function and has its derivative G
0(to). In addition, we can proveg0ðtoÞ ¼ GðtoÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2a zcÞzcp ¼
GðtAÞﬃﬃﬃﬃﬃﬃﬃﬃ
2azc
p þOðz1=2c Þ ðat vicinity of to ¼ tAÞ ð22bÞThe proof for Eq. (22b) is referred to Appendix A.
If the crack is a horizontal line, from Eqs. (12), (13) and (11) we see that K1(t, to) = 0, K2(t, to) = 0 and
M(to) = 0. Thus, the third term in right hand of Eq. (21) disappears. Further, if the remote traction is
r1x ¼ p1 only, we have rT(u)(tA) = p1,rN(u)(tA) = 0 and TA = p1. Similarly, if the remote traction is r1y ¼ p2
only, we have rT(u)(tA) = 0, rN(u) (tA) = p2 and TA = p2. In addition, if the remote traction is r1xy ¼ q we have
rT(u) (tA) = 0, rN(u)(tA) = 0 and TA = 0.
Similarly, at the left crack tip B we haveT B ¼ T BðuÞ þ T BðpÞ ¼ rT ðuÞðtBÞ  rNðuÞðtBÞ  2ReðMðtBÞÞ ð23Þ
Once the solution for the function g 0(t) is obtained, the SIFs (stress intensity factors) at the right crack tip A
and the left crack tip B can be evaluated by Savruk (1981) and Chen and Lin (2006)ðK1  iK2ÞA ¼ 
ﬃﬃﬃﬃﬃ
2p
p
Limt!tA
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jt tAj
p
g0ðtÞ
ðK1  iK2ÞB ¼
ﬃﬃﬃﬃﬃ
2p
p
Limt!tB
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jt tBj
p
g0ðtÞ
ð24Þ3. T-stress evaluation for a slightly curved crack
In the following, T-stress evaluation for a slightly curved crack using the perturbation method is suggested.
The suggested perturbation method is based on the use of the singular integral equations shown by Eqs. (10)
and (15). Generally, there is a small parameter e involved in the perturbation method. The singular integral
equation as well as its right hand term is expanded into power series with respect to the small parameter e
(from e0 = 1, e to e2). Many pairs of the singular integral equations are solved successively to obtain the ﬁnal
solution.
216 Y.Z. Chen et al. / International Journal of Solids and Structures 45 (2008) 211–2243.1. General formulation
The slightly curved crack is deﬁned by (Fig. 2(b))y ¼ ehðsÞ for jsj 6 1 ð25Þ
where e is small parameter, and h(s) and h 0(s) are bounded functions. In addition, the following functions are
introduced:HðsÞ ¼ h0ðsÞ; Cðs; soÞ ¼ hðsÞ  hðsoÞs so ;
Dðs; soÞ ¼ HðsÞ  Cðs; soÞs so ; Eðs; soÞ ¼
Cðs; soÞ  HðsoÞ
s so ð26ÞIt assumed that the point ‘‘t’’ has its projection ‘‘s’’ on real axis. Similarly, the point ‘‘to’’ has its projection
‘‘so’’ on real axis (Fig. 2(b)). Therefore, we havet ¼ sþ iehðsÞ; dt ¼ ð1þ ieHðsÞÞds
to ¼ so þ iehðsoÞ; dto ¼ ð1þ ieHðsoÞÞdso ð27ÞIn the formulation of perturbation method for slightly curved crack, we need to use the following two sub-
stitutions. The ﬁrst substitution is about the dislocation function g 0(t). In the following, we assumeg0ðtÞ ¼ goðsÞ þ g1ðsÞeþ g2ðsÞe2 ð28Þ
The second substitution is about the right hand term in Eq. (10). In the following we assumerNðpÞðtoÞ þ irNT ðpÞðtoÞ ¼ foðsoÞ þ f1ðsoÞeþ f2ðsoÞe2 ð29Þ
The detail expressions for the functions fo(so), f1(so) and f2(so) will be given in concrete examples.
After using Eqs. (28) and (29), (10) is reduced to1
p
Z 1
1
ðgoðsÞ þ g1ðsÞeþ g2ðsÞe2Þds
s so þ
1
p
Z 1
1
figoðsÞeþ ½Cðs; soÞgoðsÞ þ ig1ðsÞe2gDðs; soÞdsþM1ðsoÞ
¼ foðsoÞ þ f1ðsoÞeþ f2ðsoÞe2; jsoj 6 1 ð30Þ
The term M1(so) is derived from M(to) shown by Eq. (11).
To obtain a concrete form ofM1(so), one needs to consider two cases. In the ﬁrst case, the remote loading is
r1y ¼ p2 or r1x ¼ p1, and we have the following properties:goðsÞ ¼ goðsÞ; g1ðsÞ ¼ g1ðsÞ; g2ðsÞ ¼ g2ðsÞ ð31Þ
In this case, we haveM1ðsoÞ ¼ 1p
Z 1
1
2fig1ðsÞ þ ½Cðs; soÞ  HðsÞgoðsÞgEðs; soÞe2 ds ð32ÞIt is noted here that only the terms up to O(e2) are preserved in equations.
In the second case, the remote loading is r1xy ¼ q, and we have the following propertiesgoðsÞ ¼ goðsÞ; g1ðsÞ ¼ g1ðsÞ; g2ðsÞ ¼ g2ðsÞ ð33Þ
In this case, we haveM1ðsoÞ ¼ 1p
Z 1
1
2figoðsÞeþ ½Cðs; soÞ þ HðsoÞgoðsÞe2gEðs; soÞds ð34ÞSimilarly, the single-valued condition of displacements shown by Eq. (15) leads toZ 1
1
fgoðsÞ þ ½igoðsÞHðsÞ þ g1ðsÞeþ ½ig1ðsÞHðsÞ þ g2ðsÞe2gds ¼ 0 ð35Þ
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(35), we can separate several pairs of integral equations from the same factor of ej (j = 0, 1 and 2).
3.2. Solution in the case of quadratic function h(s) = ao + a1s + a2s
2 and r1y ¼ p2
As mentioned previously, in the case of r1y ¼ p2, the termM1(so) in Eq. (30) is expressed by Eq. (32). From
Eqs. (30) and (35), after collecting terms with same order ej (j = 0,1,2) we will ﬁnd the following pairs of sin-
gular integral equations1
p
Z 1
1
goðsÞds
s so ¼ f ðsoÞ; jsoj < 1 ð36aÞZ 1
1
goðsÞds ¼ 0 ð36bÞ
1
p
Z 1
1
g1ðsÞds
s so ¼ f1ðsoÞ 
1
p
Z 1
1
igoðsÞDðs; soÞds; jsoj < 1 ð37aÞZ 1
1
g1ðsÞds ¼ 
Z 1
1
igoðsÞHðsÞds ð37bÞ
1
p
Z 1
1
g2ðsÞds
s so ¼ f2ðsoÞ 
1
p
Z 1
1
fCðs; soÞgoðsÞ þ ig1ðsÞgDðs; soÞds
 1
p
Z 1
1
2fig1ðsÞ þ ½Cðs; soÞ  HðsÞgoðsÞgEðs; soÞds; jsoj < 1 ð38aÞZ 1
1
g2ðsÞds ¼ 
Z 1
1
ig1ðsÞHðsÞds ð38bÞClearly, the solutions for the functions g0(s), g1(s) and g2(s) can be obtained successively. For example, after
obtaining the solution of g0(s) from Eqs. (36a) and (36b), we can get a solution for g1(s) from Eqs. (37a) and
(37b).
The perturbation method can provide necessary equations, which are shown by Eqs. (36a), (36b), (37a),
(37b), (38a) and (38b). However, if the function h(s) is a complicate one, those equations cannot give any detail
result.
In the following, the shape of the curved crack is deﬁned byhðsÞ ¼ ao þ a1sþ a2s2 ð39Þ
It is seen that the constant ao in the function h(s) = a1s + a2s
2 do not play any role in a real derivation.
In this case, we haveHðsÞ ¼ h0ðsÞ ¼ a1 þ 2a2s; Cðs; soÞ ¼ a1 þ a2ðsþ soÞ; Dðs; soÞ ¼ Eðs; soÞ ¼ a2 ð40Þ
From the fact that if h is a small value, there have cosh  1  h2/2 and sinh  h. Using this approximation,
we can get the right hand term in Eq. (30) as follows:rNðpÞðtoÞ þ irNT ðpÞðtoÞ ¼ foðsoÞ þ f1ðsoÞeþ f2ðsoÞe2 ¼ ð1 iHðsoÞe H 2ðsoÞe2Þp2 ð41Þ
Substituting Eq. (41) into (36a), we will ﬁnd1
p
Z 1
1
goðsÞds
s so ¼ p2; jsoj < 1 ð42aÞZ 1
1
goðsÞds ¼ 0 ð42bÞFrom above two equations, we have the following solution:goðsÞ ¼ 
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p p2; jsj < 1 ð43Þ
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Z 1
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g1ðsÞds
s so ¼ i a1 þ 2a2soð Þp2; jsoj < 1 ð44aÞZ 1
1
g1ðsÞds ¼ ia2pp2 ð44bÞFrom above two equations, we have the following solutiong1ðsÞ ¼
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1 s2
p ða1sþ 2a2s2Þp2; jsj < 1 ð45ÞSubstituting Eq. (41) and obtained solution for g1(s) into Eqs. (38a) and (38b), we will ﬁnd1
p
Z 1
1
g2ðsÞds
s so ¼ a
2
1 þ 4a1a2so þ 4a22s2o þ
5a22
2
 
p2; jsoj < 1 ð46aÞZ 1
1
g1ðsÞds ¼ 2a1a2pp2 ð46bÞFrom above two equations, we have the following solutiong2ðsÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p a21sþ 4a1a2s2 þ a22 4s3 þ
s
2
	 
n o
p2; jsj < 1 ð47ÞThe way for solving the three pairs composed of Eqs. (44a) and (44b), (46a) and (46b) and (48a) and (48b) is
same, and their solutions are referred to the Appendix B.
In this case, from Eqs. (14) and (41) and rT(u) (tA) + rN(u)(tA) = p2, we haverNðuÞðtAÞ ¼ rNðpÞðtAÞ ¼ ð1 H 2ð1Þe2Þp2;
rT ðuÞðtAÞ ¼ H 2ð1Þe2p2
ð48ÞMeantime, from Eq. (32) and obtained solution for g0(s) and g1(s), we haveMðtAÞ ¼ M1ðsÞjs¼1 ¼ a22e2p2 ð49Þ
Finally, from Eq. (20), we will ﬁnd the T-stress at the crack tip ‘‘A’’ as follows:T ¼ cp2 with c ¼ ð1 2ða21 þ 4a1a2 þ 5a22Þe2Þ ð50Þ-1.0 -0.5 0.0 0.5 1.0
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for h(s) = a1s + a2s
2 are plotted in Fig. 3. Meantime, the computed results for non-dimensional T-stresses are
plotted in Fig. 4. From Fig. 4 it is seen that if e! 0 we have c!1, or T!p2. This is the case of a line
crack. However, when e = 0.5, a2 = 0.5 and a1 = 0.25 (or a1/a2 = 0.5, we have c = 0.09375 or
T = 0.09375p2). This result, or c = 0.09375 is signiﬁcantly deviated from the line crack case (e = 0,
c = 1, T = p2).
From Eq. (24), the SIF at the crack tip A can be evaluated byFig. 4.
a2 = 0.ðK1  iK2ÞA ¼ 
ﬃﬃﬃﬃﬃ
2p
p
b Lim
s!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
p
ðgoðsÞ þ goðsÞeþ goðsÞe2Þ ð51Þwhereb ¼ Lim
s!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jt tAj
1 s
r
¼ 1þ H
2ð1Þ
4
e2 ¼ 1þ 1
4
ða21 þ 4a1a2 þ 4a22Þe2 ð52Þ
ðK1  iK2ÞA ¼ ðd1  id2ÞAp2
ﬃﬃﬃ
p
p ð53Þ
whereðd1  id2ÞA ¼ 1
3a21
4
þ 3a1a2 þ 7a
2
2
2
 
e2  iða1 þ 2a2Þe ð54ÞThe result for SIFs shown by Eq. (54) was obtained using the hypersingular integral equation and the per-
turbation method (Martin, 2000).
A particular case with h(s) = s2/2 (or a0 = 0, a1 = 0 and a2 = 1/2) and r1y ¼ p2 is studied below (Fig. 5(a)).
From Eqs. (50), (53) and (54), the solutions for T stress and SIFs are expressed asTA ¼ cp2; c ¼ ð1 2:5e2Þ ð55Þ
K1A  iK2A ¼ ðd1A  id2AÞp2
ﬃﬃﬃ
p
p
with d1A ¼ 1 0:875e2; d2A ¼ e ð56ÞThere is no exact solution for this problem. However, this conﬁguration can be approximated by an arc
crack with R = 1/e and R sina = 1 (or sina = e) (Fig. 5(b)).
For the arc crack under the remote loading r1y ¼ p2, using the same expression shown by Eq. (55), the exact
solution for T-stress was found (Chen, 2000)0.0 0.1 0.2 0.3 0.4 0.5
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Fig. 6.
a2 = 0
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2ð3 cos aÞ
 
ðwith sin a ¼ eÞ ð57ÞSimilarly, using the same expression shown by Eq. (56), the exact solution for SIFs was found (Cotterell
and Rice, 1980)d1A;arc ¼ 1
2
½1 sin2ða=2Þ cos2ða=2Þ cosða=2Þ
1þ sin2ða=2Þ þ cosð3a=2Þ
( )
ð58Þ
d2A;arc ¼ 1
2
½1 sin2ða=2Þ cos2ða=2Þ sinða=2Þ
1þ sin2ða=2Þ þ sinð3a=2Þ
( )
ð59ÞIf sina = e is a small value, we have the following approximationscos 2a  1 2e2; cos a  1 e2=2; cosð3a=2Þ  1 9e2=8
sinða=2Þ  e=2; sinð3a=2Þ  3e=2 ð60ÞIn this case, harc, d1A,arc and d2A,arc values coincide with h, d1A and d2A values shown by Eqs. (55) and (56).0.0 0.1 0.2 0.3 0.4 0.5
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2 and remote loading r1x ¼ p1
Similar to Section 3.2, after using the approximations, cosh  1  h2/2 and sinh  h, we can get the right
hand term in Eq. (30) as followsFig. 7.
a2 = 0.rNðpÞðtoÞ þ irNT ðpÞðtoÞ ¼ foðsoÞ þ f1ðsoÞeþ f2ðsoÞe2 ¼ ðiHðsoÞeþ H 2ðsoÞe2Þp1 ð61Þ
Similar derivation as mentioned in Section 3.2 will lead to the following solution:TA ¼ cp1; c ¼ 1 2ða21 þ 4a1a2 þ 4a22Þe2 ð62Þ
For some particular cases with a0 = 0, a2 = 0.5 and a1/a2 = 0.5, 0.25, 0, 0.25 and 0.5, the computed
results for non-dimensional T-stresses are plotted in Fig. 6. From Fig. 6, it is seen that if e! 0 we
have c! 1, or T! p1. This is the case of a line crack. However, when e = 0.5, a2 = 0.5 and a1 = 0.25
(or a1/a2 = 0.5), we have c = 0.21875 (or T = 0.21875p1). This result, or c = 0.21875 is deviated signiﬁcantly
from the line crack case (e = 0, c = 1, T = p1).
Similarly, the obtained SIFs are expressed as follows:ðK1  iK2ÞA ¼ ðd1  id2ÞAp1
ﬃﬃﬃ
p
p ð63Þ
whereðd1  id2ÞA ¼ ða1 þ a2Þða1 þ 2a2Þe2 þ iða1 þ a2Þe ð64Þ
The result for SIFs shown by Eq. (64) was obtained using the hypersingular integral equation and the pertur-
bation method (Martin, 2000).
3.4. Solution in the case of quadratic function h(s) = ao + a1s + a2s
2 and r1xy ¼ q
Similar to Section 3.2, after using the approximations, cosh  1  h2/2 and sinh  h, we can get the right
hand term in Eq. (30) as followsrNðpÞðtoÞ þ irNT ðpÞðtoÞ ¼ foðsoÞ þ f1ðsoÞeþ f2ðsoÞe2 ¼ f2HðsoÞeþ ið1 2H 2ðsoÞÞe2gq ð65Þ
As mentioned previously, in the case of r1xy ¼ q, the M1(so) shown by Eq. (34) should be used in Eq. (30).0.0 0.1 0.2 0.3 0.4 0.5
0.0
0.5
1.0
1.5
2.0
2.5
3.0
-0.5
-0.25
0
0.25
a1/a2=0.5
a2=0.5
h(s)=a1s+a2s2
Curved crack configuration y=εh(s)
N
on
-
di
m
en
sio
na
l T
-s
tre
ss
 
fo
r c
as
e 
σ
xy
,
in
f =
 
q
ε
Non-dimensional T-stress for the remote loading r1xy ¼ q, and the curved crack conﬁguration y = eh(s) with h(s) = a1 + a2s2, and
5, a1/a2 = 0.5, 0.25, 0, 0.25, 0.5 and 0.05 6 e 6 0.5.
222 Y.Z. Chen et al. / International Journal of Solids and Structures 45 (2008) 211–224Similar derivation as mentioned in Section 3.2 will lead to the following solutionTA ¼ cq; c ¼ 4ða1 þ 2a2Þe ð66Þ
For some particular cases with a0 = 0, a2 = 0.5 and a1/a2 = 0.5, 0.25, 0, 0.25 and 0.5, the computed
results for non-dimensional T-stresses are plotted in Fig. 7. It is seen from Eq. (66) that the T-stress has a lin-
ear relation with respect to the small parameter e in the case of the remote loading r1xy ¼ q. This result can be
found from Fig. 7.
From Fig. 7 it is seen that if e! 0 we have c! 0, or T! 0. This is the case of a line crack. However, when
e = 0.5, a2 = 0.5 and a1 = 0.25 (or a1/a2 = 0.5, we have c = 2.50000 or T = 2.50000q). This result, or
c = 2.50000 is deviated signiﬁcantly from the line crack case (e = 0, c = 0, T = 0).
Similarly, the obtained SIFs are expressed as followsðK1  iK2ÞA ¼ ðd1  id2ÞAq
ﬃﬃﬃ
p
p ð67Þ
whereðd1  id2ÞA ¼ ð2a1 þ 3a2Þe i 1
7a21
4
þ 6a1a2 þ 7a
2
2
2
 
e2
 
ð68ÞThe result for SIFs shown by Eq. (68) was obtained using the hypersingular integral equation and the per-
turbation method (Martin, 2000).
4. Conclusions
General formulation for evaluating the T-stress in the curved crack problem is presented, and the T-stress
at the crack tip A can be expressed asT A ¼ TAðuÞ þ TAðpÞ ¼ rT ðuÞðtAÞ  rNðuÞðtAÞ  2ReðMðtAÞÞ ð21Þ
Clearly, the two terms in Eq. (21), rT(u)(tA) and rN(u)(tA), are easy to evaluate. However, the term
2Re(M(tA)) depends on the solution of the singular integral equations Eqs. (10) and (15) and (11). In
this sense, numerical solution technique must be developed for T-stress evaluation for arbitrary curved crack
conﬁguration. This will be a topic of further research.
Meantime, if e is a small parameter, and h(s) is a quadratic function with respect to s in the slightly curved
crack conﬁguration, the perturbation method can provide a solution for T-stress in a closed form. The solu-
tion is accurate up to estimation O(e2). However, the error for solution in the perturbation method is not easy
to judge. This is a common diﬃcult point in any perturbation method, for example, in the nonlinear oscillating
problem.
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Appendix A. The proof of Eq. (22b)
From Eq. (22a), the function g 0(to) can be rewritten in the following form (refer to Fig. 2(a))g0ðtoÞ ¼ GðtoÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2a zcÞzcp ¼
GðtoÞ  GðtAÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2a zcÞzcp þ
GðtAÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2a zcÞzcp ðat vicinity of to ¼ tAÞ ðA1Þ
Since G(to)  G(tA) = O(zc), the ﬁrst term in right side of Eq. (A1) becomesGðtoÞ  GðtAÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2a zcÞzcp ¼ Oðz1=2c Þ ðat vicinity of to ¼ tAÞ ðA2Þ
Meantime, the second term becomes
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GðtAÞﬃﬃﬃﬃﬃﬃﬃﬃ
2azc
p 1 zc
2a
	 
1=2
¼ GðtAÞﬃﬃﬃﬃﬃﬃﬃﬃ
2azc
p ð1þOðzcÞÞ ¼ GðtAÞﬃﬃﬃﬃﬃﬃﬃﬃ
2azc
p þOðz1=2c Þ ðat vicinity of to ¼ tAÞ
ðA3Þ
Therefore, the proof of Eq. (22b) is completed
Appendix B. Solution for a singular integral equation
From above analysis, we see that the solutions of integral equation pairs (42a,b), (44a,b) and (46a,b) are
reduced to solve the following singular integral equation (Savruk, 1981; Chen et al., 2003)1
p
Z 1
1
gðsÞds
s so ¼ RðsoÞ; jsoj < 1 ðB1ÞZ 1
1
gðsÞds ¼ cp ðB2Þwhere R(so) is a rational function, c is a constant and g(s) is the distribution of dislocation. From the physical
behavior of the dislocation function g(s), we may ﬁnd the function g(s) in the formgðsÞ ¼ GðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ðB3ÞThe investigated function may be written in the formgðsÞ ¼ g1ðsÞ þ g2ðsÞ ðB4Þ
In Eq. (B4), the function g1(s) is determined by1
p
Z 1
1
g1ðsÞds
s so ¼ RðsoÞ; jsoj < 1 ðB5ÞZ 1
1
g1ðsÞds ¼ 0 ðB6ÞMeantime, the function g2(s) is determined by1
p
Z 1
1
g2ðsÞds
s so ¼ 0; jsoj < 1 ðB7ÞZ 1
1
g2ðsÞds ¼ cp ðB8ÞFor the pair composed of Eqs. (B5) and (B6), we have a solution (Savruk, 1981; Chen et al., 2003)g1ðsÞ ¼
HðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ðB9ÞwhereHðsÞ ¼ fRðzÞX ðzÞgprincipal partjz¼s ðB10Þ
X ðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  1
p
ðtaking the branch lim
z!1
X ðzÞ=z ¼ 1Þ ðB11ÞFor three particular cases, relevant solutions are introduced as followsg1ðsÞ ¼
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ðfor RðsoÞ ¼ 1 caseÞ ðB12Þ
g1ðsÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p s2  1
2
 
ðfor RðsoÞ ¼ so caseÞ ðB13Þ
g1ðsÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p s3  s
2
	 

ðfor RðsoÞ ¼ s2o caseÞ ðB14Þ
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cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ðB15ÞReferences
Ayatollahi, M.R., Pavier, M.J., Smith, D.J., 1998. Determination of T-stress from ﬁnite element analysis for mode I and mixed mode
I/II loading. Int. J. Fract. 91, 283–298.
Betegon, C., Hancock, J.W., 1991. Two parameter characterization of elastic–plastic crack-tip ﬁelds. ASME J. Appl. Mech. 58, 104–110.
Broberg, K.B., 2005. A note on T-stress determination using dislocation arrays. Int. J. Fract. 131, 1–14.
Chen, Y.Z., 1985. New path independent integrals in linear elastic fracture mechanics. Eng. Fract. Mech. 22, 673–686.
Chen, Y.Z., 1994. T-stress in multiple crack problem for an inﬁnite plate. Eng. Fract. Mech. 48, 641–647.
Chen, Y.Z., 1997. Novel weight function approach for evaluating T-stress in plane elasticity crack problem. Int. J. Fract. 85, L35–L40.
Chen, Y.Z., 2000. Closed form solutions of T-stress in plane elasticity crack problem. Int. J. Solids Struct. 37, 1629–1637.
Chen, Y.Z., Hasebe, N., Lee, K.Y., 2003. Multiple Crack Problems in Elasticity. WIT Press, Southampton.
Chen, Y.Z., Lin, X.Y., 2006. Complex potentials and integral equations for curved crack and curved rigid line problems in plane elasticity.
Acta Mech. 182, 211–230.
Chen, C.S., Krause, R., Pettit, R.G., Banks-Sills, L., Ingraﬀea, A.R., 2001. Numerical assessment of T-stress computation using a
p-version ﬁnite element method. Int. J. Fract. 107, 177–199.
Cotterell, B., Rice, J.R., 1980. Slightly curved or kinked cracks. Int. J. Fract. 16, 155–169.
Dreilich, L., Gross, D., 1985. The curved crack. Z. Angew. Math. Mech. 65, 132–134.
Fett, T., 1997. A Green’s function for T-stresses in an edge cracked rectangular plate. Eng. Fract. Mech. 57, 365–373.
Fett, T., 1998a. Stress intensity factors and T-stress in edge-cracked rectangular plates under mixed boundary condition. Eng. Fract.
Mech. 60, 625–630.
Fett, T., 1998b. T-stress in rectangular plates and circular disks. Eng. Fract. Mech. 60, 631–652.
Fett, T., 2001. Stress intensity factors and T-stress for internally cracked circular disks under various conditions. Eng. Fract. Mech. 68,
1119–1136.
Fett, T., Rizzi, G., 2005. Weight functions for stress intensity factors and T-stress for oblique cracks in a half-space. Int. J. Fract. 132,
L9–L16.
Karihaloo, B.L., Xiao, Q.Z., 2001. Higher order terms at the crack tip asymptotic ﬁeld for a notched three-point bend beam. Int. J. Fract.
112, 111–128.
Kfouri, A.P., 1986. Some evaluations of the elastic T-term using Eshelby’s method. Int. J. Fract. 30, 301–315.
Larsson, S.G., Carlsson, A.J., 1973. Inﬂuence of non-singular stress terms and specimen geometry on small-scale yielding at crack tips
in elastic–plastic materials. J. Mech. Phys. Solids 21, 447–473.
Martin, P.A., 2000. Perturbed cracks in two dimensions: an integral-equation approach. Int. J. Fract. 104, 317–327.
Melin, S., 2002. The inﬂuence of the T-stress on the directional stability of cracks. Int. J. Fract. 114, 259–265.
Muskhelishvili, N.I., 1953. Some Basic Problems of Mathematical Theory of Elasticity. Noordhoﬀ, Groningen.
Rice, J.R., 1974. Limitations to the small scale yielding approximation of elastic–plastic crack-tip ﬁelds. J. Mech. Phys. Solids 22, 17–26.
Savruk, M.P., 1981. Two-dimensional Problems of Elasticity for Body with Crack (in Russian). Naukoya Dumka, Kiev.
Sham, T.L., 1989. The theory of higher order weight functions for linear elastic plane problems. Int. J. Solids Struct. 25, 357–380.
Sham, T.L., 1991. The determination of the elastic T-term using higher order weight functions. Int. J. Fract. 48, 81–102.
Sherry, A.H., France, C.C., Goldthorpe, M.R., 1995. Compendium of T-stress solutions for two and three dimensional cracked
geometries. Fatigue Fract. Eng. Mater. Struct. 18, 141–155.
Wang, X., 2004. Elastic T-stress solution for penny-shaped cracks under tension and bending. Eng. Fract. Mech. 71, 2283–2298.
Williams, M.L., 1957. On the stress distribution at the base of a stationary crack. ASME J. Appl. Mech. 24, 111–114.
